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PREFACE 


The material appearing in this thesis was obtained primarily from 
Stanford University Electronic Research Laboratory Technical Reports. 
The portions of these technical reports used here were the result of 
work done in connection with the preparation of Doctors! theses by 
Ward A. Harmon? and Hubert Heffner, Research Associates at the ERL. 

A portion of the mathematical detail was prepared by the writer during 
his industrial experience tour at the ERL in 1953. Appendix A is origi- 
nal with the writer and was done as an engineering assignment under the 
guidance and direction of Dr. J. Le Putz, Research Associate at the ERL. 
The remainder of the work is a graduate level followethrough of the 
technical report material previously mentioned. 

The writer is deeply indebted to Dr. Putz and William Luebke for 
their patience and seal in indoctrinating the writer into this complex 
topic, and especially to Ward A. Harmon, who had previously blazed the 
trail, analytically speaking, and then painstakingly retraced his steps 
for the newcomer, 

And finally, for her help in preparing the manuscript, I am, as 
always, indebted to my wife, Doyen. 
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+ dee. beam voltage 


= propagation constant of the cold circuit. The cold circuit 
waves travel as „j(wt -/,) 
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B es fu, 
۲ n = the propagation constant of the interaction waves. In the 
presence of the beam, tne waves travel as fa 


nu 


M 
T 


dielectric constant of free space 


ug e toI n‏ دوه 
as. eem —‏ 
Biy bendo saë‏ 


`" ge emm méig ` d 

di 8 .I elo» ni eg em wenn To ein N 
للع‎ doro meldoubaon «sua 
ductus need osb Isio ~ 

TT 

à mordoeke de Ze تقو سا×:‎ A 
od ck oc dui eni nindix müljslxe wüjwa&iwvEM Ze "sche "$ 
"eor malen "N 

kool stale Lame u 
Tirele طلعد+٭-٭‎ 40948 00 

je bien vih lo wéieofe: amd A3‏ دس 
emëitre með soð Y‏ 


e 
ums Dien sm N on 022 ga232 
«e levwzd wre 


Na UR 


TE! تی‎ tc er 
ap Load ron edd pl enn reen 














sone poll Ze k =7 





LIST OF SYMBOLS (CONTINUED) 


t 2 incremental propagation constant [TL 2 21 EA 
"HO 
PO) > ace charge density 
A, = d.c. charge density 
£o z angular frequency 
12g) > Laplace transform of E(z) 


4 Laplace transform of C (2) 


Lg) * 


men) camo se mn 


EL مسلسد کت‎ MOTIGO, Dura: © | 





(a2)8 1o tomcat ool ~- o" 


FOLDED STRIP=LINE OSCILLATOR 


le Introduction 

This paper is concerned with the theoretical details of generating 
microwave energy by using a folded strip-line structure. 

The order of treatment will be: 

le Introduction 

2. General discussion of periodic structure 

3. Wave characteristics used in describing 

periodic structures 
4. Space harmonic components in a folded strip- 
line periodic structure 

Se Theory of backward wave interaction 

6. Experimental data and conclusion 

Reference material is identified by a superscript numeral. This 
numeral can be matched to the source listed in the Table of References 
at the end of the text. 

Figure lel is a sketch of a typical folded strip-line structure. 
A conventional parallel strip-line is also sketched for comparison with 
tbe physically folded form. The beam-carrying axial hole is visible. 
The folded strip-line oscillator is a traveling wave tube and therefore 
traveling wave tube theory is applicable. 

A broad-band electronically controlled oscillator which will be 
rugged and yet simple to manufacture and operate is needed. The entire 


art of microwave design has been considerably curtailed by the restricting 
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characteristics of the three known microwave oscillators: the triode, 
the magnetron, and the klystron. Until now, generating microwaves above 
30 KMC has been regarded as not mechanically feasible. The folded strip- 
line, backward-wave oscillator shows considerable promise in extending 
this upper limit far beyond 50 KMC. Further, a single structure design 
can be made to cover a frequency range in excess of a 3 to 1 frequency 
ratio, eege from l KMC to l KMC. Expected stability is in the order of 
1 part in 10,000, with a CW output in the order of several hundred watts. 
The only parameter is the electron beam voltage. There is a price, this 
time in the wide range of beam voltage required, in the high perveance 
beam necessary, and in the difficulty in focusing tne beam. 
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?. General Discussion of Periodic Structures 

Àny traveling wave tube oscillator depends upon the energy transfer 
Which occurs from the relatively slow velocity election beam to the slow 
traveling wave in the periodic structure. The periodic structure is the 
essential element in the magnetron, the helical traveling wave amplifier, 
the linear accelerator, and, more recently, in the folded strip-line 
oscillator. 

It is the periodic structure which provides for propagation and yet 
modifies the manner in which the interacting beam sees the wave» A 
repetitive, equally-spaced physical change in the structure produces a 
repetitive change in the propagating wave functione This change in the 
wave function is periodic, and the generating structure is naturally 
termed a "periodic structure", As will be seen later, this periodic 


spatial change will appear as a simple mathematical change in the 
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exponential definition of the wave function. 

As a result of the physical modification in the wave form as the bean 
sees it, the wave may be analyzed into an infinite series of Fourier com 
ponents which describe the periodic phenomenon e These Fourier components 
are determined for a given instant of time. The components are for a 
single frequency» They are due entirely to the physical modification of 
the wave by the structure. They are termed space harmonics. In order to 
grasp the concept of a space harmonic it is helpful to reiterate that a 
single frequency is under consideration, a single time instant is under 
consideration, and that the equally-spaced, physical disturbances in the 
periodic propagating structure are entirely responsible for the so-called 
space harmonics. 

From the Fourier analysis it has been show’, © that there will be an 
infinite number of space harmonic components for each distinct group ve- 
locity. Each space harmonic will have a distinct phase velocity, either 
forward or backward with reference to the wave group velocity. The space 
harmonics will have component amplitudes of different magnitudes. The 
space harmonic components with the greater amplitudes are termed the 
"principal components", and sometimes "the principel mode"). 

It is the interaction of the electron beam with the principal com 
ponents which have a backward phase velocity which results in microwave 
oscillations.2» 3 Figure 21 is a physical diagram taken from Heffner? 
showing the direction, and the backward phase velocity direction. It can 
be seen from equation (A-9) in Appendix A that the phaee velocity of the 
principal backward-wave, space-barmonic component is distinct for each 
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distinct frequency. Hence, when the electron beam velocity is matched 
with the phase velocity of a particular principal space harmonic com- 
ponent, the distinct frequency associated with that principal space- 
harmonic component will be generated. The beam velocity is directly con- 
trolled by the beam voltage, as described in the equation 


e 5:13 x gie (2-1) 


where 17: meters per second 
Ke * potential difference in volts on 
electrons in the beam 

If the beam velocity is subsequently changed, the new beam velocity will 
interact with a different backward phase velocity. This different phase 
velocity will be that of a distinct principal space harwonic corresponding 
to a different frequency. Thus a different frequency will be excited. 
Change the voltage over a given range, and the frequency will vary over a 
given range’. In this manner, a wide band, tumable microwave oscillator 
is achieved. It has also been show that oscillations occur only when 
beam current is greater than a certain "start oscillation" value’. Ampli- 
fication of the distinct frequency occurs for beam currents less than the 


"start oscillation" glad? e 


3. Wave Characteristics Used in Describ Periodic Structures 





A periodic structure is one which will transmit electrical energy 
but which has physical variations spaced at equal distances down its 
length}. Electrically expressed, these distances are termed periods. 

The types of periodic structures which may be considered are legion, but 
the helix is a good example. So is the magnetron structure, or the loaded 
wave guide. 
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In fact, the ordinary wave guide with equally-spaced inductive 
irises is an excellent device for illustrating the development of the 
periodic structure. It will be used here to illustrate tne describing 
characteristics of the periodic structure. It will also be used to show 
the relationship which exists between frequency and propagation constant, 
frequency and phase velocity, frequency and group velocity, and defi- 
nition of the principal model. 

Starting with the ordinary unloaded wave guide, the relationship 


between the normalized frequency, © VEP, and the propagation constant 


Ais 
Wwe ee A" (321) 


where Á + propagation constant at cutoff frequency 
The relationship of (3-1) is shown in Figure 3-1. Note that the ratio of 


phase velocity to that of light is available from this curve in that 
Yo E (3-2) 
— SB 
Ve Ø 


Further, the slope of the curve gives the ratio of the group velocity to 
that of light in that 


Zu ٤ dw 
v. dB (3-3) 
For each frequency, ß is of the same magnitude but has either a positive 





or negative sign. The signs and magnitudes of the phase and group veloci- 
ties merely indicate identical propagation characteristics in either di- 
rection. 

Now, assume the guide has inductive irises equally spaced at a dis- 


tance L along its axis. The normalized frequency versus propagation 
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constant curves will appear as in Figure 3-21, The curves indicate that 
there are pass bands and stop bands in the structure. Further, within a 
given pass band the curve is definitely repetitive. Since the same re- 


lationship still exists for phase velocities and group velocities, 


Vio w Ywe 
vg x E (3-2) 


G pe dw 
Ve dA 


it follows that for a given frequency there are an infinite number of 


(3-3) 


phase velocities and related propagation constants all with the same 
group velocity. These are the space harmonic components for that given 
frequency. Furthermore, it follows that there will be an infinite number 
of phase velocities. This implies waves traveling in the opposite direo» 
tion to that of the energy propagation. Although it is not apparent from 
the curves, it is of interest to note that the principal space harmonic 
components exist in that part of the curve which is most closely related 
to the unloaded guidel. These portions of the curves, which represent 
the principal components, are drawn extra heavy. The propagation con- 


siant, Je, can be expressed as a periodic function; that is, 


Am e Á > u (3-5) 
where L = the periodic spacing in centimeters 
M 3 + integer 
But it is necessary to define A; in order to make use of this re- 
lationship. Normally, it is chosen as the smallest positive propagation 


constant, or that of the principal forward space harmonic component?. 
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For the periodically loaded guide it is easy to select /3 since it cor= 
responds to that Jan which is most nearly equal to E for the unloaded 
guide, The folded strip-line, which for the non=periodic condition is 
merely a parallel strip~line, propagates all frequencies at the sane ve» 
locity». The nonperiodic characteristics do not assist in defining $; ° 
A must be selected from considerations of the principal backward space 
harmonic, as seen in Appendix A, 

To continue in the development of loading an ordinary wave guide, a 
sume the irises to be increased to their limit. Then a series of walled 
cavities exists down the guide with periodicity Le Figure 3-3 shows this 
result. For each pass band a single frequency will be propagated. This 
will be the resonant cavity frequency. This, of course, was to be expected. 
Multiple resonances are produced which correspond to the limits reached by 
the pass bands as the iris loading is increased to form a solid wall. 

If capacitive rather than inductive irises were used for the loading, 
similar results might be expected. In fact, in the limiting case, the 
string of closed cavities produced would be identical, The effect on the 
pass band curves when capacitive type irises are used as partial loading 
might occur as in Figure 3-l. This is a speculation by the writer based 
on observations for the folded strip=line which amounts to capacitive 
loading. It appears that the general effect of capacitive irises would 
be to lower the pass band frequencies, while the inductive loading raises 
the pass band frequencies. 

The effect of combined inductive and capacitive loading is not fully 
understood by the writer, but also appears to be a fertile field for 
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further investigation. Complete control of the characteristics of peri- 
odic structures should be attainable. 

The above discussion has presented the concept and a physical example 
of a periodic structure. It has also introduced the important character- 
istics, isos Son ⸗ ` A ` = and جح‎ which are used in understanding 
and mathematically describing the electrical phenomena associated with any 
periodic structuree The groundwork has been laid for proceeding to the 
mathematical analyses. 


onents in a Folded 5 






It is possible, using Floquet's Theorem and subsequent Fourier analy- 
sis, to mathematically describe the space harmonic components which exist 
at a given frequency in a folded strip-linel , 5. 

Floquet's Theorem states that at a pivon frequency, for a given mode 
of oscillation in a periodic structuro, the vave functíon ís multiplied 
by an arbitrary complex constant when traveling down the structure by 
one period), That is to say, if the wave function of a single space 


variable 3 , 


w= 
F(s €) * £ e! - (kel) 


ís propagated through a periodic structure with period L, then Floquet's 


Theorem states that the wave function in the structure may be expressed as 


jet -(y 2a‏ سے 
Fa) E Zei (ve Ja (m2)‏ 


m2-& 
If the structure be lossless, the complex nuaber \° may be written as 
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then becomes 


¡6 ` were ff is a function of frequency alone. The wave function 
oo 
F C2, E) = Es $, c 


- 21M 
E HE] یں‎ 
h ~DO 
If a new phase constant, A , 18 now defined such that 
(f. 4, T. (35) 
the wave function may be written 


Fe, E > e Es مو‎ WS (ech) 


— 


It should be noted that the Ka , here defined, is the same 54 dis- 
cassed previously in the illustrative example of the iris loaded wave 
guide. The group velocity, d » is customarily chosen so that it is 
positive in the positive Z direction. The wave energy transfer is there- 
by assumed to be in the positive Z direction. The relationship between 


U3 and fa 1s then 


du 
4^5 7 de (1-5) 


If Floquet's space harmonic series is written as a Fourier series, the 
magnitude of the components may be evaluated. To solve for the magnitudes, 
Ss is described in terms of structural parameters. The principal com 
ponent is also identified. This work is performed in detail in Appendix A. 
Since the space harmonic wave function can be expressed as an infi- 
nite trigonometric series of period 2/4 , and since it is continuous over 
the period with only a finite number of finite discontinuities, it may be 


written as a Fourier series. Thus, 
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In order to evaluate the coefficients of the space harmonics, the time 
variation may be regarded as independent of spatial variation. The space 


harmonic portion of the wave function may then be expressed by 


> - 4 Ana 
F(a) = 4ء مل کے‎ r)a (7) 
> ÉIS E o E A 
fa eis" et) 


Now, the space harmonic magnitude coefficient, As may be evaluated for 
each n by the usual methods of Fourier analysis since both sides of equa~ 
tion (l-8) are "Ls in 2y ? First, multiplying both sides of equa- 
tion (lê) by e T, 


fq ci * 1)» EM (m9) 


Mh =-eO 
and E over a period L — 2P, 


y Ch a wA 27A. (h-10) 
"PR 
— a we 


and solving forA, , 
P e 
J 2 
An = b fiwe ^ dz )11س(‎ 
Ls 


were n O, t!,f2, nw £ 00 
In Appendix A to this paper, which is original work by the writer, 
will be found the mathematical details of evaluating the space harmonic 
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magnitude coefficients plus the resulting definition of the space harmon- 
1c propagation constant + Space harmonic component magnitudes are 


found to be 
E 
2. 


b pp m 
An = sed d (A1) 





where n = É odd integers 


Óm = EE B)+ 15) (4-8) 


where n = ^ odd integers 

It may be noted from equation (A-11) that the envelope of the possible 
magnitudes for the space harmonic components in a folded strip-line struc- 
ture is a ^ type curve. Figure l-1 shows the shape of such a curve. 
It is easily seen that the principal space harmonic components with a 
negative tien constant will occur somewhere within the range 
ep X « 

In fact, it is possible to solve for al from the relationship gove 
erning most efficient interaction between the principal space harmonic 
component, and the electron beam. Appendix B includes the details of Har- 
mon's° work on optimising line spacing, £ e The resulting value for Gi 
is equal to 1.166 from which it can be seen, by referring to Figure l-1, 
that the optimum value with respect to the maximised gain parameter, C, 
also lies within the largest portion of the space harmonic component 
magnitude envelope. Then 4 may be expressed in terns of the remaining 
parameters of the structure as developed in Appendix B, i.e. 


ww solve Ob ھا‎ mai deht id ler ui aul, ce aeettwoo oid kapan 
m werte MEORE ha oa dedos m idag? ot 


۰ y Sd of hwc? 
Ach) — a df 
i 
atagodai hbo - - n emiir 
bra 
(db) CR TH au MT 
egal bho © = n ries ` 


wie sd to Ogolevue 648 duet L "LA soidadpe mit bosan ad qe S 
rate sr tat pablo? a ml esimmmtmoo olmainas eode odd zo vwhodingem 
„ovin a um 30 سپ‎ Ti "each: Lä go certo ogy? "e DE 
6 CN eM oi, some Leqlontug aiid Sedi meet vllase ub 3l 
Sur old ilr E riot roto LN Jiane ار بر یں‎ 
و‎ >$: 

OR GÍA sd men ei 02 orita od efdineoo 42 At ‚Juni nl 
oimai 0928 Legiociuq es amede coijozieómh due£oituo daon Prima 
ul jo sIlsdeb est mebuloni € 2d pol nouconfm onf bur mme 
یا‎ ae el nakiümer UT . Û une ahi anisimbdqo no Jemp Dei gen 
Jei ouat ad amiata H aowa OU Ako Ji dolfw mori DOILI oà Isspo ei 
Y wem nimm Loris ap ext of ¿negar äi onler mumbiqo esf tend 
jencogEPo sisoRurd sod 613 10 "oldbroc Jeor;urb tos ماخ نہ‎ Werl onla 
pinitos ect to ered fd Owestugxé "go vw - nef! .oqokevne séi tram 
wei ff EWA AA een ne us $uud$oeyrón echt to 90 ۷7 





(e‏ و wo” av Ug‏ ۷ھ پا 


Pv wu duo papry £O worms prs, Pyme, -é yagi 


۲۶931۷ ئ٤‎ raed ) E (UPA PARE 
Pd 
سے لہ‎ — A. سئے‎ "NW \ 


| 4 Na MN | e ۱ e 34 
4 1 u\s Ze uç w $ $- d &- Ww 5 Y Ns yb 


deg COO? 4 
athe AA PES d 


Aya vp Ep my El” 








‚743 P 
4 


D 
Xo (PEA) tm (B-15) 
Now, in order to obtain the curves of whe ve, for a folded strip- 
line structure, it is necessary to study the relationship which exists 


between Pi and Ao in equation (A-8) where 


Am Ue , ft 

=- iur TA 

A 8 1 oa (I AP (A-8) 
where n 7 É odd integers 

For a given folded strip-line structure, with the structural parame- 


ters fixed, equation (A-8) may be expressed, 


Dus 
ba? = ve tim (4-12) 


where n = + odd integers 
D- A (Pew) 

Equation (h-12) will be a series of straight lines repeating for 
different values of n as shown in Figure kä br the solid lines, The 
dotted lines represent tho same series but for negative group A 

Practically, the structure is enclosed in a tube envelope which pro= 
duces a low frequency cut-off. Also, the sharp corners at tho folds 
cause stop bands to appear when the value of O described in equation 
(A-7): 

ga ka (Pt) 
Ao Up (4-7) 
goes through values equal to an integral number of half wave lengths of 


the frequency considered. Figure h-3 presents tne actuar n ^ v8. 


bn plot for a folded stripline tube for positive group velocities’, 
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Again, the pbase velocity is proportional to the slope of the actual 
curves. At a given frequency, it will be noted that the group velocity 
for all the space harmonic components, that is all //4's, is the same, 
but that phase velocity is either positive or negative depending on mode 
number e 

Some further relationships regarding performance characteristics in 
terms of structure parameters are developed in Appendix B. The first is 
the relationship between beam voltage, Ya p and principal component propa= 
gation constant, 4, » which was shown as 


A _ 2۶۸ )5ء‎ (B-19) 
D Ao 4 Ve 


The gain parameter was also expressed in terms of structure parame- 


ters, and was shown to be?» 6, 


E L7] "ren? (B-23)‏ ہے سد 


where M 3 
Thus, mathematically, the nature of the space harmonic components in 
& folded strip-line structure has been determined, and the relationship 
between these components and structural parameters has been developed so 
that a reasonable insight may be gained into tube design and operation. 


Se The Theory of Backward Wave Interaction 





Mathematical analysis of backward wave interaction is defined in 
terms of small signal theory”? 6, The current induced in the beam is re- 
lated to the structure field. This is called the Electronics Equation. 
Then the field induced on the structure is related to the current in beam. 
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This is called the Circuit Equation. The Electronic and Circuit Equa- 
tions are then combined into a single fourth order differential equation. 
The solution to the combined equation will be in terms of four separate 
fields?» Ó. It has been shown that one of these four defining fields ie 
insignificant in magnitude» © 

The details of the Electronic and Circuit Equations, their combina- 
tion, and their solution are contained in Appendix C to this paper. Appen- 
dix C is a mathematically complete follow-through of Heffner's and Harmon's 
work in this field?» ©, me one exception is the solution to the charac- 
teristic equation (C-60) and subsequent derivation of (C-7h). This the 
writer could not verify in the time available. Therefore, the results ob- 
tained by Heffner’ are indicated. 

The solution to the combined equation when only three of the four 


describing waves are considered P 
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equation 
2 2 2 x. 
209% 4 (0 4*)4* 
t L ( dë UA O (0-73) 
Equation (C-7h) actually is the I for backward wave gain, 
It can be seen that gain is an interference phenomenon?» 6, The three 
waves composing the field must produce a net field which is equal to the 


applied field at the input end. It can be stated that because of this 


interference phenomenon, one or more of the three component fields may be 
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larger than the applied field. Heffner has shown that for the start 
oscillation condition, with the field reduced to zero, finite fields still 
exist on the structure. At the input end the three describing fields now 
add up to a zero net field. Figure 5-1 illustrates Heffner's interpre- 
tation of backward wave oscillation where zero net field exists at the 
input (collector) end, while a finite net field results at the output 
(gun) end. 

The start oscillation conditions are defined by setting the denomi- 
nator of equation (C-7h) equal to zero, and solving for the roote. This 


yields the two equations 
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Heffner” described the manner in which these equations may be solved in 
terms of line parameters and showed that the start oscillation conditions 
take the form which requires that 

Lë e JL = a constant 
and that 

CN = a constant 

This means that there exists a frequency and current which first allows 
finite fields to exist on the structure in the absence of any applied 
field. As the beam velocity is changed, the frequency must also change in 
order that the synchronous velocity difference, (£ Se remain constant. 
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FIGURE F Pelative Magnitudes of the TÁvoc Defining 
Waves for the Start Oscillation Condit im 





Since the beam velocity is proportional to the square root of the beam 
voltage, electronic tuning results, Heffner has shown? that for oscil- 
lations to exist, the beam current must be greater than a computable 
"start oscillation" value. He has also shown that for predictable elec- 


tronic tuning the beam current must remain constant. 


6. Experimental Data and Conclusion 
It has been shown how a slow-traveling backward wave is produced 


using periodic disturbances in a propagating system. The nature of the 
space harmonics on the folded strip-line has been mathematically analyzed. 
Finally, the interaction of the structure field and electron bean has 
been analyzed in order to show that oscillation ís an interference phe- 
nomenon, Oscillations could be regarded as the result of incremental 
feedback with built in phase compensation. The dependency of oscillation 
frequency on beam voltage has also been shown. At the Stanford Univer- 
sity Electronics Research Leboratory, Puta and Luebke have constructed 
several folded strip-line structures and tested them both as amplifiers 
and more lately as oscillators, and have verified the theory discussed 
herein?» T, Although military security restrictions prevent the use of 
exact quantities, relative curves of performance are presented in Figure 
6-1. These curves, showing relative frequency vs. relative beam voltage 
for several relative beam currents, may be observed to display tne charac- 
teristics theorized above. These curves represent operation with the 
principal backward mode being that here n — -1, and for the first pass 
band. 
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In conclusion, it may be predicted that as development on this and 
other space harmonic oscillators continues, microwave techniques may soon 
feel the impetus of a new development no less significant than that of 


the transistor in connection with low frequency circuitry. 
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APPENDIX A 


of tne Fourier Coefficients for the Space Harmonic‏ سوا منہج 
t 1 à Folded S' Lir tructure‏ 


The evaluation of the Fourier coefficient which expresses wave 


propagation in a folded strip-line structure, Equation (l-11) 


A / f 74 2 
á =p /. dra 2^ wa (bell) 
requires that f(@) be evaluated within the period =P to P. Figure A=l is 
a schematic of the folded strip-line with appropriate dimension and with 
the axial coordinate directions. 

Within the period =P to P, j(4) will then be: 
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(0) mo Le E, bet Eo 

(e) Fre P-L P, -— Ae ZB 

where Ô: phase shift between successive gaps. 
Then substituting in Equation (hell), 
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Now, in order to further simplify and subsequently solve tor Au, let 


ain (Su P-8)*O (1-2) 
This requires that 
Dan P-6 = Ta (A=3) 
where M = 0 E E 4 e e r 2 
da 4 : $ y (Aly) 
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(Selected period L = 2P in this case) 
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This requires that 
ZA = S (A-5) 

It is desirable to express 3 in terms of the parameters of the 
structure. This may be done if it is assumed that the wave energy propa- 
gates within the strips. This will occur if the strips are wide enough 
and the frequency high enough. From experience this condition exists for 
parallel strip lines where the characteristic impedance is less than 100 
ohms. The characteristic impedance is expressed as 


Ps - reg £ 


(A-6) 


where (= line spacing 
and aA“ line width 


It is also assumed that there are no other conductors in the vicinity of 
the fringing fields, such as placing a folded strip in a wave guide, This 
is exactly what is done when building the oscillator. It does not appre~ 
clably change the results obtained, however, if the sides of the enclosing 
wave guide are reasonably remote from the structure. It is further as- 
sumed that there are no effects due to the sharp corners at the bends. 

The phase shift between gape, e , is regarded entirely as if the 
wave were propagating down an unfolded strip-line. It may be expressed 


4 Oe. 
= (Pen). | (4-7) 


where "ae /Aoare unfolded stripeline wave propagation 





characteristics at the given frequency 
and P, H are folded line structure parameters 


(see Fig. A=-1) 
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Then, 
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where li r£ 73 defined as the slowdown factor of the 
— 
Then fa becomes, 
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LX ہہ‎ itp) + (A=9) 
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Now, returning to equation (A-1) and proceeding with its Meson, 
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where sin (AFO ) 2 0 for all values of n 


cog (4,P- 6) > 1 for all even values of n 
cos Mal -© )> #1 for all odd values of n 


Therefore, 
An = Er an at (Ae11) 
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Or rewriting equation (A-11) in terms of tne line parameters, 
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Thus it is seen that the envelope of the magnitudes of the space 
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harmonic component is a function of the type aa e Only odd space ha 
monics exist for the folded strip-line structure, In solving for the 
magnitudes of the space harmonic components, the propagation constant, a 3 


is defined in terms of the folded strip-line structural parameters. 
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APPENDIX B 


Structural Parameters Utilized in Design of a Folded‏ ساط 
rip- 8c tor‏ 


Bel Opt imizing £ in Terms of Gain Paramcter, C 


The relationship which describes the interaction between an electron 


beam and the principal space harmonic component is given by J. R. Pierce? 


- C $ 2 2 کے‎ ic 
e SAP Ve (Bel) 


Where C = gain parameter depending upon circuit 
and beam impedance 

er) : circuit impedance (parameter) 
(32) - beam impedance 

E = field magnitude 

F = power flow in circuit 
Then assuming that only the principal space harmonic component is 
important, and substituting for the magnitude of the principal component 
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In order to maximize C — respect to £ ; the partial with respect 


where K = 


to É must be equated to O, as follows, 
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The first solution of the above transcendental equation 10° 
2 133.67 5 2.333 rad, (Ba10) 
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Then, if the value of Lain terms of the structural parameters is 
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substituted into equation (B-10), f will be given by 


tL 2 — — (Be23) 
Pop (it $) + & 
where n - t odd integers 
Now, m~ must equal -l in order that the principal backward space har» 
monic may fall within the largest portion of the envelope of Ele — 
function (See Fig. l-1). Then assuming, as in Appendix A, that ó. and 
Up are equivalent to those occurring in a parallel strip line with unity 


dielectric constant, it follows that, 
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P-2 Beam Voltage in Terms of Space Harmonic Pro tion Constant 





Since, for interaction, the electron velocity may be considered equal 
to the phase velocity, the propagation constant EA may be expressed”, 
s ten An E (B-17) 
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In equation (B-1) the gain parameter, C, was expressed in terms of 
structural parameters. Then from equation (A-11) the magnitude of the nth 
space harmonic may be expressed, 
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Then utilizing the value of 2 as expressed in equation (B-19), it 
follows that, 
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APFENDIX C 


ysis of Backward Wave Interaction 





C-l Introduction 


Quantitative analysis of backward wave interaction can be accom 


plished for small signal operation?» 6, Small signal operation is defined 


TT 
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گا‎ 
4 alot Qtje were /Q(YI << / Hol (c-2) 


The circuit—beam interaction of the dual phenomena which occurs is mathe- 
matically described, and later combined into a single relationship. The 
dual phenomena may be separately regarded as: 
le The Electronic Equation -- The current induced in the electron 
beam is related to the field on the structure. 
2« The Circuit Equation — The field induced on the structure is 


related to the current in the beam. 


C-2 Development of the Electronic Equation 





The force equation, f= ma, may here be applied to describe the effect 


of the structure field on the electron bean. 


du ef 
7 «= Ke گائے‎ 
de A 7 ۳ Ez (Cali) 


Since u = f(s,t), the total derivative will be, 
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Then, where the frequency exponential is understood, 


A Ou (2) 
—7 Ja (2 


Maxwell's continuity equation states that 


du-~t = - 36 


since 4 is the only space variable considered, this may be written: 


ge oC. SE yw e 








dE x 
Then 
u | I 
pmg- jw £ 
and 
00€. 1 Cg 
نے نے‎ ye Jar 
By definition 


C = gu = (wt iR) ao tu e) 
and expanding, 
t As Aa — As 
Co ČE) x Ade tI GO) ao P 42 a) Ey 
Then, since for small signal theory the second order term may be 


(C-5) 


(C=6) 


(0-7) 


(0-8) 


(c-9) 
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AA 4, 
( (2) = E) + og CN (C211) 
م4‎ 
Now solving "e a) 


E 2c‏ 3 2 صا“ 


Po 

partial derivative with respect to Z 
= t 

ICE) U 95%) 


and taking the 


Gua @)_ 1 


o 


1 
6 232 Ae "Dar (0-17) 


Then substituting in the force equation® 


Ce, e ITa) Uo? DWY, e‏ کا نیما 
18 
JA Cr * P Bat. mm Es (0-28)‏ 
Multiplying through by wich, it vi that,‏ 
un Jw he g, (0-19)‏ سد d Co‏ 
Li‏ ہک De. tha Or d.‏ 


Now, the average electron bean -— constant may be defined in 
terms of the average beam velocity, and will be, 
eE 
Le * ZS (c-20) 
Also, if the total field £,Q) is assumed to be composed of the exciting 
field on the circuit, E 2) , plus the field due to all the electrons in 


the space charge adjacent to point being considered, then 


Era) = ROI Laca) (0-21) 
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But, again from Maxwell's equations, the space charge field may be de- 


fined 
D =e Es 
and 
du- D e 
or 


wy ee 
"T€ 
Again, since the only space variable is 7, 


O Ese) E 
“wa 


= 


vie ے ھ2‎ L art (2) 
کا‎ dg 
and substituting from the continuity equation 
ò Es w ا‎ 2 Ca 
O2 ^ Jt€ Oz 


(C-22) 


(C223 


(C-2l) 


(C-25) 


(C=26) 


(C=27) 


Now if the boundary conditions for Z=o, the plane where the beam enters 


the structure, are studied it will be seem that there are no aeCe Com 


ponents of current or beam velocity and therefore, 
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since, in the entire beam, 


C de AP ef di «C 


(C-28) 
(C=29) 


(C=20) 


(C=13) 


Now, if both äis and Aro at Z-o then the space charge field Ec 










i E 


rU EE ed 





E 


ہے vir emt emie via‏ لد سدق لو 
e‏ 


ae 

— AE 
mmijenye bing wed we "eddi bos, 
i-a Ee 
















we 
سد دہف‎ TT e bet a 
ns a oo aiii ida as P Tap دم لمات د‎ ep ws 











BEE سی‎ g 


— a cows 7 
موم‎ N WI ei, 

WA 

cn as «ef ٭‎ 

"I rc MIN EM αα 


uus LOIS 


WE صسد‎ apra eom ei qum 9 09 fare haa OD eos ta سس‎ 


will be zero at goo and the constant of integration will be zero thus: 
e 
9 Esc (€) PT rece), (0-31) 
Í dä dë E ^: die 


and 


ي26 - ۔ 
)0-32( س 


Also, if a quantity h, termed the plasma wave number, is defined as 


Li: EL (c-33) 
hä e ten 
the — force equation may be simplified as follows, 


A -K Ea oR) = =e He 54 Zi (c-3h) 


or; 








DCG) A7 e je pe € 
€ (C-25) 
22. -(&' A z (3) - Um E 12) 


This is the Electronic Equation. 
C-3 Devel t of the Circuit tion 


In describing the field induced on the circuit due to the current in 
the beam, the following assumptions are made: 
le The only fields interacting with the beam are those associated 
with the Space harmonic component which has its phase velocity 
close to the electron beam velocity. 
Ze A single mode is propagating on the circuit and has opposite 
group and phase velocities. 


3. For propagation in the positive s direction, ٣۶-۵ such that 
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p will be a positive number, 
4. The line is perfectly terminated at each end. 
Se A Source exists at z cL end, as shown, such that a longitudinal 
field E, exists at 3 = Lo. 
If an infinitesimal source generator, Agde, an infinite number of 
Which lie along the beam, is defined in terms of the current at a point, 


such that 
Ag) fe iQ (0-36) 
then, it has been shown by Bernier and Pierce” that 
2 7+ 2 
G قر۔ ۔‎ @=- Daf (c-37) 
because 
. £a 
Then, 
2 ۰ 
Aa) = ~/8 Ë i (0-39) 


Now, the field at any point will be the sum of the effects from 
the distributed elements plus any applied field’, Then with the 
factor understood, the total "OH may be stated thus: 


4 
-rè -r (2-4) - 
Eg =e ا‎ 4 a + Lawe % (c-10) 
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Differentiating with respect e č results in 
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+ 48 _A9 
Differentiating again with respect to 2 results ín 2. 
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Noting that the term in the brackets is the original Ew 


2 
de - ee: rhe ca 


A? X ~ 
da -Eg ro eg (Cols) 
This, of course, is equivalent to the integral equation (C-lj0O) above, and 


it is, therefore, the Circuit Equation-? 6, 


C-lj Solution of the Combined Equation 





The field on the structure, Eu » in terms of beam-circuit parame= 
ters, may now be obtained by simultaneous solution of the Electronic 
Equation, (C-35), and the Circuit Equation, (C-ll). Since each equation 
is of the second order, four solutions are to be expected. The LaPlace 


Transform will be used because of its inherent simplicity.” Then if 


Is) = S de” de (C-l;5) 
oo 
e a e 
Es : £a) € La (C=1;6) 
and the boundary conditions are 

é 29 aA- a 209 (c=27) 

S. Far 
(c-17) 
Eto) = value of circuit field at 225 (c-18) 
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d 
dei = value of derivative of circuit 
field at 225 


The transforms of the simultaneous equations are then 
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and H 
Cs “A J Ecs) —(s JE) Erco) 7 EN Lea 
where v-e 
Then solving the transforms for Ttc») 
ALEC 
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In. CHATE —(s-j8) Fey 
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whe مسے‎ Le ES 3 
ef 2Vg 24^" 2 
= چ‎ Pf 


Where ga ya (Beam Impedance) 
a= £ (Circuit Impedance) 
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or K may be written 
=—u pik” 
Eliminating I(s) from equations (C-52) and (C-53), 
ZG) - [je MAL ¡Al Eco 
KE t) Bea] Ls nr] PK 


(C-h9) 


(C-50) 


(C-51) 


(c-52) 


(0-53) 
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(C-56) 


(0=57) 
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The inverse transform may now be taken by the partial fraction expansion 


technique. Hence, 


ën a = Leo. P. - P Sn) (c-58) 
Csa) 


o ri 
where Ia- are the roots of Bcs) 


and d * Ss "Bo, 


Since B(s) is "of the fourth order, there will be four roots, and 





hence four exponentials in the inverse transform of equation (c-57)3> 6 ° 
Therefore, 
AG) fle n 1) 5 
E = Cal de dé KE : Adi), it MY, NM (C-59) 
(1) TBU) ear 


where Me roots of B(s) à = l, 2; 3, h 


Sa: [(5+ dere NH 8] +K = 
and 
Bln)=[A-AXR-RKR-R)] (C=61) 


AQ) s L(ne IC A -yA (0-62) 


If a new magnitude term is defined, that is, 


dro) 


Te e C- 
CE) " SJ. 8) (0-63) 


Equation (C-59) may be rewritten as 
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Before obtaining the roots of equation (C-60), it will be better to 
evaluate the constant Ern). The process will involve stating C (2/ in 
teras of &«4 using equations (C-43) and (C-6l), and then using C (2) so 
stated, in the integral equation (C-39). Rewriting equation (C-)3) and 
substituting Ece) from equation (C-6h), € (2) becomes 

oca ) 


^ = — p 
` 1% 
— Z [E feang] 
But ge Zl etl c Xn ie) 
Aw) 2 ‘SUK (C-39) 
where the variable x replaces s 
Then 


Ai = IP 2۰۸:۳ ےزور لد‎ | (0-66) 


Now, evaluating equation (C-10) at zs =o 


Bo) = 23 2 of ec forte 


or | 4 
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QJ d ym (C-68) 
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(0) = 14 + Ml e C^ «js. (0-59) 


EY (4,4; W) O (Ma)‏ 6ل 
BAY be determined exactly in terms of‏ رم Once the roots /4 are known,‏ 


input field and beam circuit parameters. 

With the initial condition € e) described, it only remains to solve 
equation (C-50). From the roots, the field on the structure may be 
written?» 6. In order to solve for the roots, the right member of the 


equation (C-60) must be equated to zero, thus, 


L(ss $62 «92 ]] $*ue*/4 «2 0 (C-60) 
Time restriction prevents the continued detailed analysis which is 
the purpose of this paper. But to continue in brief: to obtain the exact 
roots of equation (C-50) it would be best to supply numerical values and 
solve for the roots using one of the well known methods. However, it has 
been shown, using suitable substitutions and variable changes, that one of 
the roots will be? ` 


A J E (C=70) 


This ís based on the demonstrable assumption that K is quite small, that 


K << / (C=71) 


y if the three — roots are defined, 


- کور یہ ے‎ (c-72) 


m n = 1, 2, 3 
= incremental propagation constant 
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then equation (C-60) may be rewritten? 
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{ *+ 2043 + (e"-4")t* 3 D (0-73) 


where © > ( Be -4)L 
E 

Now if equation (C=5l) is written in terms of the new incremental 
propagation constant, Na y and the value for Eg) as determined in equa- 
tion (C-69) is also substituted, the total field, E(ay , will become?» € 

کے و4 ز ad BE MR:‏ 12 ے2 
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(C-74) 


4 he 


3 
Note that where Pz, Ey is exactly equal to the applied field 4. 
The start oscillation condition occurs when the denominator of equa- 
tion (C-7h) is set equal to zero, thus 
tra; a - 4 ۱ 
3 HA A 1 - 4ے“‎ 20 (C-75) 
"Ve % L EI 
If no loss is present, one root of equation (C-73) will be real; let this 


root be t e Then the remaining roots may be expressed in terms of *, , 


thus, 
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Then by substituting into equation (C-75) and equating the real and imagi- 


(0-75) 


nary parts to zero, the start oscillation conditions may be stated 
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